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1. Introduction
The aim of this paper is to investigate the existence of infinitely many classical solutions for the following Dirichlet
quasilinear elliptic system−(pi − 1)|u′i(x)|pi−2u′′i (x) = λFui(x, u1, . . . , un)hi(x, u′i), x ∈ (a, b),
ui(a) = ui(b) = 0, for 1 ≤ i ≤ n, (1.1)
where pi > 1 for 1 ≤ i ≤ n, λ is a positive parameter, a, b ∈ R with a < b, hi : [a, b] × R → [0,+∞) is a bounded and
continuous function with mi := inf(x,t)∈[a,b]×R hi(x, t) > 0 for 1 ≤ i ≤ n, F : [a, b] × Rn → R is a function such that the
mapping (t1, t2, . . . , tn)→ F(x, t1, t2, . . . , tn) is in C1 in Rn for all x ∈ [a, b], Fui is continuous in [a, b] × Rn for 1 ≤ i ≤ n,
where Fui denotes the partial derivative of F with respect to ui, and
sup
|(t1,...,tn)|≤M
|Fui(x, t1, . . . , tn)| ∈ L1([a, b])
for allM > 0 and all 1 ≤ i ≤ n.
Here and in the following, we let X be the Cartesian product of n Sobolev spaces W 1,pi0 ([a, b]) for 1 ≤ i ≤ n, i.e.,
X =ni=1 W 1,pi0 ([a, b]), equipped with the norm
∥u∥ :=
n
i=1
∥u′i∥pi , u = (u1, u2, . . . , un),
where for 1 ≤ i ≤ n,
∥u′i∥pi :=
 b
a
|u′i(x)|pidx
 1
pi
.
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Then, X is a reflexive real Banach space. Since pi > 1 for 1 ≤ i ≤ n, X is compactly embedded in C0([a, b]) × · · · × C0
([a, b]).
By a classical solution of system (1.1), we mean a function u = (u1, . . . , un) ∈ X such that for 1 ≤ i ≤ n, ui ∈
C1([a, b]), u′i ∈ AC([a, b]), and ui(t) satisfies (1.1) a.e. on [a, b]. We say that a function u = (u1, . . . , un) ∈ X is a weak
solution of system (1.1) if b
a
n
i=1
 u′i(x)
0
(pi − 1)|τ |pi−2
hi(x, τ )
dτ

v′i(x)dx− λ
 b
a
n
i=1
Fui(x, u1(x), . . . , un(x))vi(x)dx = 0
for all v = (v1, . . . , vn) ∈ X .
The goal of this work is to establish some new criteria for system (1.1) to have infinitelymany classical solutions in X . Our
analysis is mainly based on a recent critical point theorem of Bonanno and Molica Bisci [1] and is contained in Lemma 2.1
below. This lemma and its variations have been used in several works in order to obtain existence results for different kinds
of problems (see, for instance, [2–11] and references therein).
We are motivated by the very recent paper of Graef et al. [12] in which the existence of at least three classical solutions
for system (1.1) was established.
Here, as an example, we state a special case of our results.
Theorem 1.1. Let g : R→ R be a nonnegative continuous function and h : R→ [0,+∞) a bounded and continuous function
with m := inft∈R h(t) > 0 and M := supt∈R h(t). Put G(ξ) =
 ξ
0 g(t)dt for all ξ ∈ R and assume
lim inf
ξ→+∞
G(ξ)
ξ 2
<
m
4M
lim sup
ξ→+∞
G(ξ)
ξ 2
.
Then, for each λ ∈

8
m lim supξ→+∞ G(ξ)
ξ2
, 2
M lim infξ→+∞ G(ξ)
ξ2

, the problem
−u′′(x) = λg(u)h(u′), x ∈ (0, 1),
u(0) = u(1) = 0, (1.2)
has a sequence of classical solutions which is unbounded in W 1,20 ([0, 1]).
For other basic notations and definitions, we refer the reader to [13–16].
2. Main results
In the present section we shall prove our results applying the following smooth version of Theorem 2.1 of [1], which is a
more precise version of Ricceri’s Variational Principle [17, Theorem 2.5].
Lemma 2.1. Let X be a reflexive real Banach space, let Φ,Ψ : X → R be two Gâteaux differentiable functionals such that Φ is
sequentially weakly lower semicontinuous, strongly continuous and coercive, andΨ is sequentially weakly upper semicontinuous.
For every r > infX Φ , let
ϕ(r) := inf
u∈Φ−1(−∞,r)

sup
v∈Φ−1(−∞,r)
Ψ (v)

− Ψ (u)
r − Φ(u) ,
γ := lim inf
r→+∞ ϕ(r), and δ := lim infr→(inf
X
Φ)+
ϕ(r).
Then:
(a) For every r > infX Φ and every λ ∈ (0, 1/ϕ(r)), the restriction of the functional
Iλ := Φ − λΨ
toΦ−1(−∞, r) admits a global minimum, which is a critical point (local minimum) of Iλ in X.
(b) If γ < +∞, then for each λ ∈ (0, 1/γ ), the following alternative holds: either
(b1) Iλ possesses a global minimum, or
(b2) there is a sequence {un} of critical points (local minima) of Iλ such that
lim
n→+∞Φ(un) = +∞.
(c) If δ < +∞, then for each λ ∈ (0, 1/δ), the following alternative holds: either
(c1) there is a global minimum of Φ which is a local minimum of Iλ, or
(c2) there is a sequence {un} of pairwise distinct critical points (localminima) of Iλ that convergesweakly to a globalminimum
of Φ .
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The following lemma is taken from [12, Lemma 2.2].
Lemma 2.2. A weak solution to (1.1) in X coincides with a classical solution to (1.1).
We assume throughout, and without further mention, that the following condition holds:
(H) Either p ≥ 2 or p < 2, where p := min{p1, . . . , pn} and p := max{p1, . . . , pn}.
In the following, for 1 ≤ i ≤ n, let
Mi := sup
(x,t)∈[a,b]×R
hi(x, t),
M := max{Mi : 1 ≤ i ≤ n}, m := min{mi : 1 ≤ i ≤ n},
and
Hi(x, t) :=
 t
0
 τ
0
(pi − 1)|δ|pi−2
hi(x, δ)
dδ

dτ
for all (x, t) ∈ [a, b] × R. ThenM ≥ Mi ≥ mi ≥ m > 0 for each 1 ≤ i ≤ n.
Let
p∗ :=

p, if b− a ≥ 1,
p, if 0 < b− a < 1.
For all γ > 0, we set
Q (γ ) :=

(t1, . . . , tn) ∈ Rn :
n
i=1
|ti|pi ≤ γ

.
Sets of this type will be needed in some of our hypotheses with appropriate choices of γ .
We formulate our main result as follows.
Theorem 2.3. Assume that there exist two positive constants α and β with α + β < b− a such that
(A1) F(x, t1, . . . , tn) ≥ 0 for each x ∈ [a, a+ α] ∪ [b− β, b] and (t1, . . . , tn) ∈ Rn;
(A2) there exists 1 ≤ l ≤ n such that
0 ≤ lim inf
ξ→+∞
 b
a sup
(t1,...,tn)∈Q (ξpl )
F(x, t1, . . . , tn)dx
ξ pl
<

2p m
(b− a)p∗−1pM Dl

lim sup
ξ→+∞
 b−β
a+α F(x, 0, . . . , ξ , . . . , 0)dx
ξ pl
,
where
Dl := (pl − 1)
pl−2
pl
(α−pl+1 + β−pl+1), (2.1)
and in F(x, 0, . . . , ξ , . . . , 0), ξ is the (l+ 1)-th argument.
Then, for each λ ∈ Λ, system (1.1) has an unbounded sequence of classical solutions, where
Λ :=

Dl
m lim sup
ξ→+∞
 b−β
a+α F(x,0,...,ξ ,...,0)dx
ξpl
,
2p
(b− a)p∗−1pM lim inf
ξ→+∞
 b
a sup
(t1,...,tn)∈Q (ξpl )
F(x,t1,...,tn)dx
ξpl

. (2.2)
Proof. Our aim is to apply Lemma 2.1(b) to our problem. To this end, for each u = (u1, . . . , un) ∈ X , we let the functionals
Φ,Ψ : X → R be defined by
Φ(u) :=
n
i=1
 b
a
Hi(x, u′i(x))dx (2.3)
and
Ψ (u) :=
 b
a
F(x, u1(x), . . . , un(x))dx. (2.4)
It is well known that Φ and Ψ are well defined and continuously differentiable functionals whose derivatives at the point
u = (u1, . . . , un) ∈ X are the functionalsΦ ′(u),Ψ ′(u) ∈ X∗ given by
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Φ ′(u)(v) =
 b
a
n
i=1
 u′i(x)
0
(pi − 1)|τ |pi−2
hi(x, τ )
dτ

v′i(x)dx
and
Ψ ′(u)(v) =
 b
a
n
i=1
Fui(x, u1(x), . . . , un(x))vi(x)dx
for every v = (v1, . . . , vn) ∈ X . Since Φ ′ is monotone (see the proof of [12, Lemma 2.1]), by applying Proposition 25.20
of [16], Φ is sequentially weakly lower semicontinuous. Moreover, Φ is strongly continuous and Ψ is weakly upper semi-
continuous.
Also, since 0 < hi(x, t) ≤ M for 1 ≤ i ≤ n and (x, t) ∈ [a, b] × R, from (2.3), we see that for all u = (u1, . . . , un) ∈ X ,
Φ(u) ≥ 1
M
n
i=1
∥u′i∥pipi
pi
≥ 1
pM
n
i=1
∥u′i∥pipi , (2.5)
and soΦ is coercive.
Let {ξk} be a sequence of positive numbers such that ξk →+∞ as k →+∞ and
lim
k→+∞
 b
a sup
(t1,...,tn)∈Q (ξplk )
F(x, t1, . . . , tn)dx
ξ
pl
k
= lim inf
ξ→+∞
 b
a sup
(t1,...,tn)∈Q (ξpl )
F(x, t1, . . . , tn)dx
ξ pl
. (2.6)
At this point, we have (see [18])
max
x∈[a,b]
|ui(x)| ≤ (b− a)
pi−1
pi
2
∥u′i∥pi
for 1 ≤ i ≤ n. Then,
max
x∈[a,b]
n
i=1
|ui(x)|pi ≤ (b− a)
p∗−1
2p
n
i=1
∥u′i∥pipi
for 1 ≤ i ≤ n.
Let
rk := 2
p ξ
pl
k
(b− a)p∗−1pM
for k ∈ N. Then, for v = (v1, . . . , vn) ∈ X withΦ(v) < rk, together with (2.5), we have
max
x∈[a,b]
n
i=1
|vi(x)|pi ≤ ξ plk .
Note that 0 ∈ Φ−1(−∞, rk) and Ψ (0) ≥ 0 by (A1). Then,
ϕ(rk) = inf
u∈Φ−1(−∞,rk)

sup
v∈Φ−1(−∞,rk)
Ψ (v)

− Ψ (u)
rk − Φ(u)
≤
sup
v∈Φ−1(−∞,rk)
Ψ (v)
rk
≤
(b− a)p∗−1pM  ba sup
(t1,...,tn)∈Q (ξplk )
F(x, t1, . . . , tn)dx
2p ξ plk
.
Therefore, from (2.6) and (A2)we have
γ = lim inf
k→+∞ ϕ(rk)
≤ (b− a)
p∗−1pM
2p
lim inf
ξ→+∞
 b
a sup
(t1,...,tn)∈Q (ξpl )
F(x, t1, . . . , tn)dx
ξ pl
< +∞. (2.7)
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Due to (A2), (2.2) and (2.7), we see that Λ ⊆ (0, 1/γ ). Let λ ∈ Λ be fixed. We claim that the functional Iλ = Φ − λΨ is
unbounded from below. Since λ ∈ Λ, by (2.2), we have
1
λ
<
m
Dl
lim sup
ξ→+∞
 b−β
a+α F(x, 0, . . . , ξ , . . . , 0)dx
ξ pl
.
Then, there exists a sequence {dk} of positive numbers and a constant τ such that dk →+∞ as k →+∞ and
1
λ
< τ <
m
Dl
 b−β
a+α F(x, 0, . . . , dk, . . . , 0)dx
dplk
(2.8)
for k ∈ N large enough. Let {wk} be a sequence in X defined by wk(x) = (0, . . . , wlk(x), . . . , 0), where wlk is the l-th argu-
ment ofwk and is defined by
wlk(x) :=

1
αpl−1
dk(x− a)pl−1, if a ≤ x < a+ α,
dk, if a+ α ≤ x ≤ b− β,
1
βpl−1
dk(b− x)pl−1, if b− β < x ≤ b.
For any fixed k ∈ N, clearlywk = (0, . . . , wlk, . . . , 0) ∈ X and
Φ(wk) ≤ d
pl
k Dl
m
. (2.9)
From (A1) and (2.4), we have
Ψ (wk) ≥
 b−β
a+α
F(x, 0, . . . , dk, . . . , 0)dx. (2.10)
By (2.8)–(2.10), we see that
Φ(wk)− λΨ (wk) ≤ d
pl
k Dl
m
− λ
 b−β
a+α
F(x, 0, . . . , dk, . . . , 0)dx
<
dplk Dl
m
(1− λτ)
for every k ∈ N large enough. Since λτ > 1 and dk →+∞ as k →+∞, we have
lim
k→+∞

Φ(wk)− λΨ (wk)
 = −∞.
Then, the functional Iλ = Φ − λΨ is unbounded from below. Therefore, by Lemma 2.1(b), there exists a sequence
{(u1k, . . . , unk)} of critical points of Iλ such that
lim
k→+∞ ∥(u1k, . . . , unk)∥ = +∞.
Also, note that the weak solutions of (1.1) are exactly critical points of Iλ. So, applying Lemma 2.2, the conclusion follows
from Lemma 2.1. 
We now point out the following special case of Theorem 2.3 when F does not depend on x ∈ [a, b].
Corollary 2.4. Assume that there exist two positive constants α and β with α + β < b− a such that
(B1) F(t1, . . . , tn) ≥ 0 for each (t1, . . . , tn) ∈ Rn;
(B2) there exists 1 ≤ l ≤ n such that
lim inf
ξ→+∞
sup
(t1,...,tn)∈Q (ξpl )
F(t1, . . . , tn)
ξ pl
<

(b− a)− (α + β)
(b− a)p∗
2p m
pM Dl

lim sup
ξ→+∞
F(0, . . . , ξ , . . . , 0)
ξ pl
,
where Dl is given by (2.1) and in F(0, . . . , ξ , . . . , 0), ξ is the l-th argument.
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Then, for each
λ ∈

Dl
m

(b− a)− (α + β)

lim sup
ξ→+∞
F(0,...,ξ ,...,0)
ξpl
,
2p
(b− a)p∗pM lim inf
ξ→+∞
sup
(t1,...,tn)∈Q (ξpl )
F(t1,...,tn)
ξpl

,
the system−(pi − 1)|u′i(x)|pi−2u′′i (x) = λFui(u1, . . . , un)hi(x, u′i), x ∈ (a, b),
ui(a) = ui(b) = 0, for 1 ≤ i ≤ n,
has an unbounded sequence of classical solutions.
Remark 2.5. Theorem 1.1 in the Introduction immediately follows from Corollary 2.4.
Now, we present an example of the application of Theorem 1.1.
Example 2.6. Put
an := 2n!(n+ 2)! − 14(n+ 1)! , bn :=
2n!(n+ 2)! + 1
4(n+ 1)!
for every n ∈ N, and define the nonnegative continuous function g : R→ R by
g(ξ) =

32(n+ 1)!2[(n+ 1)!2 − n!2]
π
 1
16(n+ 1)!2 −

ξ − n!(n+ 2)
2
2
, if ξ ∈

n∈N
[an, bn],
0, otherwise.
One has (n+1)!
n!
g(t)dt =
 bn
an
g(t)dt = (n+ 1)!2 − n!2
for every n ∈ N. Then, one has
lim
n→+∞
G(an)
a2n
= 0 and lim
n→+∞
G(bn)
b2n
= 4.
Therefore, by a simple computation, we obtain
lim inf
ξ→+∞
G(ξ)
ξ 2
= 0 and lim sup
ξ→+∞
G(ξ)
ξ 2
= 4.
Also, let
h(t) =

1, if t < 0,
1
t + 1 , if 0 ≤ t ≤ 1,
1
2
, if t > 1.
Then, h : R→ [0,+∞) is a bounded and continuous function with
m = inf
t∈R h(t) =
1
2
> 0 and M = sup
t∈R
h(t) = 1.
We have
0 = lim inf
ξ→+∞
G(ξ)
ξ 2
<
m
4M
lim sup
ξ→+∞
G(ξ)
ξ 2
= 1
2
.
So, fromTheorem1.1, for eachλ > 4, problem (1.2) has a sequence of classical solutionswhich is unbounded inW 1,20 ([0, 1]).
Corollary 2.7. Assume that for 1 ≤ i ≤ n, gi : R → R are continuously differentiable functions and there exist two positive
constants α and β with α + β < b− a such that
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(C1) gi(t) ≥ 0 for each 1 ≤ i ≤ n and t ∈ R;
(C2)
lim inf
ξ→+∞
sup
(t1,...,tn)∈Q (ξpn )
n
i=1
gi(ti)
ξ pn
<

(b− a)− (α + β)
(b− a)p∗
2p m
pM Dn

n−1
i=1
gi(0) lim sup
ξ→+∞
gn(ξ)
ξ pn
,
where
Dn := (pn − 1)
pn−2
pn
(α−pn+1 + β−pn+1).
Then, for each
λ ∈

Dn
m

(b− a)− (α + β)
 n−1
i=1
gi(0) lim sup
ξ→+∞
gn(ξ)
ξpn
,
2p
(b− a)p∗pM lim inf
ξ→+∞
sup
(t1,...,tn)∈Q (ξpn )
n
i=1
gi(ti)
ξpn

,
the system−(pi − 1)|u
′
i(x)|pi−2u′′i (x) = λ g ′i (ui)
 n
j=1j≠i
gj(uj)

hi(x, u′i), x ∈ (a, b),
ui(a) = ui(b) = 0, for 1 ≤ i ≤ n,
has an unbounded sequence of classical solutions.
Finally, we want to point out a simple consequence of Corollary 2.4.
Corollary 2.8. Assume that Assumption (B1) in Corollary 2.4 holds, and there exists 1 ≤ l ≤ n such that
lim inf
ξ→+∞
sup
(t1,...,tn)∈Q (ξpl )
F(t1, . . . , tn)
ξ pl
= 0
and
lim sup
ξ→+∞
F(0, . . . , ξ , . . . , 0)
ξ pl
= +∞,
where, in F(0, . . . , ξ , . . . , 0), ξ is the l-th argument. Then, the system−(pi − 1)|u′i(x)|pi−2u′′i (x) = Fui(u1, . . . , un)hi(x, u′i), x ∈ (a, b),
ui(a) = ui(b) = 0, for 1 ≤ i ≤ n,
has an unbounded sequence of classical solutions.
Remark 2.9. In Theorem 2.3 we can replace ξ → +∞ by ξ → 0+, applying in the proof part (c) of Lemma 2.1 instead of
(b). In this case we obtain a sequence of pairwise distinct classical solutions to the system (1.1) which converges uniformly
to zero. Also, results similar to Corollaries 2.4, 2.7 and 2.8 and Theorem 1.1 can be obtained.
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